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Abstract. We describe differential forms representing Feynman am- 
plitudes in configuration spaces of Feynman graphs, and regularization 
and evaluation techniques, for suitable chains of integration, that give 
rise to periods of mixed Tate motives. 
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1. Introduction 

This work is a continuation of our investigation ^10^ of algebro-geometric 
and motivic aspects of Feynman integrals in configuration spaces and their 
relation to periods of mixed Tate motives. 

Section [2] introduces algebraic varieties and that describe con- 
figuration spaces associated to a Feynman graph F, and smooth differential 
forms on these varieties, with singularities along diagonals, that extend the 
Feynman rules and Feynman propagators in configuration spaces to vari- 
eties containing a dense affine space that represents the "physical space" on 
which the Feynman diagram integration lives. We consider three possible 
variants of the geometry, and of the corresponding differential form, respec- 



tively given by the forms (2.2), (2.9) and (2.12), because this will allow us 
to present different methods of regularization and integration and show, in 
different ways, how the relation between Feynman integrals and periods of 
mixed Tate motives arises in the setting of configuration spaces. 

The geometric setting builds upon our previous work [10], and we will 
be referring to that source for several of the algebro-geometric arguments 
we need to use here. In terms of the Feynman amplitudes themselves, the 
main difference between the approach followed in this paper and the one of 
[10] is that in our previous work we extended the Feynman propagator to 
the configuration space as an algebraic differential form, which then 

had singularities not only along the diagonals, but also along a quadric 
Zy (the configuration space analog of the graph hypersurfaces describing 
singularities of Feynman amplitudes in momentum space). In this paper, 
we extend the Feynman propagator to a (non-algebraic) differential form 
on X^^ , which then has singularities only along the diagonals. In this way, 
we gain the fact that the motives involved are easy to control, and do not 
leave the class of Tate motives, while we move the difficulty in obtaining an 
interpretation of Feynman integrals as periods to the fact of working with a 
non-algebraic differential form. In the various sections of the paper we show 
different ways in which one can overcome this problem and end up with 
evaluations of a suitably regularized Feynman amplitude that gives periods 
of mixed Tate motives (multiple zeta values, by the recent result of [9]). 
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Section |3] can be read independently of the rest of the paper (or can be 
skipped by readers more directly interested in our main results on periods). 
Its main purpose is to explain the relation between the Feynman ampli- 



tudes (2.2), (2.9) and (2.12) and real and complex Green functions and the 
Bochner-Martinelli integral kernel operator. In particular, we show that 
the form of the Feynman amplitude leads naturally to a Bochner-Martinelli 
type theorem, adapted to the geometry of graph configuration spaces, which 
combines the usual Bochner-Martinelli theorem on complex manifolds [2^ 
and the notion of harmonic functions and Laplacians on graphs. 



In Section |4| we consider the first form (2.2) of the Feynman amplitude 



and its restriction to the affine space A^^^" (M) in the real locus in the graph 
configuration space , with X = P^(C). We first describe a setting 
generalizing a recent construction, by Spencer Bloch, of cycles in the con- 
figuration spaces X^^. Our setting assigns a middle-dimensional relative 
cycle, with boundary on the union of diagonals, to any acyclic orientation 
on the graph. We use the combinatorial Gallai-Milgram theorem to par- 
tition a graph, with a given choice of an acyclic orientation, into paths. 
The path-partitioning induces a decomposition of the chain associated to 
the acyclic orientation into a product of chains associated to the paths in 
the partition. We then consider the development of the propagator into 
Gegenbauer orthogonal polynomials. This is a technique for the calculation 
of Feynman diagrams in configuration spaces (known as x-space technique) 
that is well established in the physics literature since at least the early '80s, 
[TT] . We split these x-space integrals into contributions parameterized by 
the chains described above. The decompositions of the chains of integration, 
produced by a graph partitioning, induces a corresponding decomposition of 
the Feynman integral. The contribution corresponding to each of the paths 
decomposes into an angular and a radial integral. In the case of dimen- 
sion D = 4, these simplify into integrals over simplexes of polylogarithm 
functions, which give rise to linear combinations of products of zeta values, 
with coefficients that are rational numbers and powers of 27rz. We then an- 
alyze the remaining infrared divergences and their residues, which are again 
integrals of the form just described. 



Starting with we consider the form (2.9) of the Feynman amplitude 



which corresponds to a complexification, and a doubling of the dimension of 
the relevant configuration spaces 

Z^r ^ (X xX)^r. The advantage of pass- 
ing to this formulation is that one is then dealing with a closed form, unlike 



the case of (2.2) considered in the previous section, hence cohomological ar- 
guments become available. We first describe the simple modifications to the 
geometry of configuration spaces, with respect to the results of our previous 
work [lOj, which are needed in order to deal with this doubling of dimension. 
We introduce the wonderful compactification F{X, T) of the configuration 
space , which works pretty much as in the case of the wonderful com- 
pactification Confr(X) of described in [10], [27], [28], with suitable 
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modifications. The purpose of passing to the wonderful compactification is 
to realize the complement of the diagonals in the configuration space explic- 
itly as the complement of a union of divisors intersecting transversely, so 
that we can describe de Rham cohomology classes in terms of representa- 
tives that are algebraic forms with logarithmic poles along the divisors. We 
also discuss, in this section, the properties of the motive of the wonderful 
compactification and we verify that, if the underlying variety X is a Tate 
motive, the wonderful compactification also is, and so are the unions and 
intersections of the divisors obtained in the construction. We also describe 
iterated Poincare residues of these forms along the intersections of divisors 
corresponding to t/r-nests of biconnected induced subgraphs of the Feynman 
graph, according to the general theory of iterated Poincare residues of forms 
with logarithmic poles, [I] , [2], [13], [2T] . 

In ^ we consider a first regularization method for the Feynman integral 
based on the amplitude (2.9), which is essentially a cutoff regularization and 
is expressed in terms of principal-value currents and the theory of Coleff- 
Herrera residue currents, |6], [12]. We show that, when we regularize the 
Feynman integral as a principal value current, the ambiguity is expressed by 
residue currents supported on the intersections of the divisors of the won- 
derful compactification, associated to the ^r-nests, which are related to the 
iterated Poincare residues described in ^ In particular, when evaluated on 
algebraic test differential forms on these intersections, the currents describ- 
ing the ambiguities take values that are periods of mixed Tate motives. 

In ^ we introduce a more directly algebro-geometric method of regu- 
larization of both the Feynman amplitude form (2.9) and of the chain of 
integration, which is based on the deformation to the normal cone [16j, 
which we use to separate the chain of integration from the locus of diver- 
gences of the form. We check again that the motive of the deformation space 
constructed using the deformation to the normal cone remains mixed Tate, 
and we show once again that the regularized Feynman integral obtained in 
this way gives rise to a period. 



2. Feynman amplitudes in configuration space 

In the following we let X be a Z'-dimensional smooth projective variety, 
which contains a dense subset isomorphic to an affine space A^, whose set 
of real points A^(M) we identify with Euclidean D-dimensional spacetime. 
For instance, we can take X = P^. We assume that D is even and we write 
D = 2X + 2. 



2.1. Feynman graphs. A ^rap/i P is a one-dimensional finite CW-complex. 
We denote the set of vertices of P by Vr , the set of edges by Er , and the 
boundary map by dp '■ Ep — )• (Vp)^. 

When an orientation is chosen on P, we write dr{e) = {s{e),t{e)}, the 
source and target vertices of the oriented edge e. 
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A looping edge is an edge for which the two boundary vertices coincide 
and multiple edges are edges between the same pair of vertices. We assume 
that our graphs have no looping edges. 

2.1.1. Induced subgraphs and quotient graphs. A subgraph 7 C F is called 
an induced subgraph if its set of vertices is equal to (9p ^((V^)^), that is, 7 
has all the edges of F on the same set of vertices. We will denote by SG(F) 
the set of all induced subgraphs of F and by 

(2.1) SGfc(F) = {7 G SG(F) I |V^| = A:}, 

the subset SGfc(F) C SG(F) of all induced subgraphs with k vertices. 

For 7 G SG(F), we denote by F/ /7 the graph obtained from F by shrink- 
ing each connected component of 7 to a separate vertex. The quotient graph 
F//7 does not have looping edges since we consider only induced subgraphs. 

2.2. Feynman amplitude. When computing Feynman integrals in config- 
uration space, one considers singular differential forms on X^^, integrated 
on the real locus of this space. 

Definition 2.1. The Euclidean massless Feynman amplitude in configura- 
tion space is given by the differential form 

= n lU,, ' J|2A A 



The form (2.2) defines a C°°-differential form on the configuration space 

(2.3) Confr(X) = X^^ \ UeeErAe, 
with singularities along the diagonals 

(2.4) Ae = {{Xy I V G Vr) | ^^(e) = Xt(e)}. 



Remark 2.2. The diagonals (2.4) corresponding to edges between the same 
pair of vertices are the same, consistently with the fact that the notion of 
degeneration that defines the diagonals is based on "collisions of points" and 
not on contraction of the edges connecting them. This suggests that we may 
want to exclude graphs with multiple edges. However, multiple edges play a 



role in the definition of Feynman amplitudes (see Definition 2.1 above and 
§4 of [1^) hence we allow this possibility. On the other hand, the definition 
of configuration space is void in the presence of looping edges, since the 
diagonal Ag associated to a looping edge is the whole space X^^ , and its 
complement is empty. Thus, our assumption that graphs have no looping 
edges is aimed at excluding this geometrically trivial case. 

Remark 2.3. Our choice of ||x5(e) ~2^t(e)lP iii the Feynman propagator dif- 
fers from the customary choice of propagator (see for instance [lOj) where 
(^s(e) ~ Xt{e))'^ is used instead, but these two expressions agree on the locus 
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X^'"(]R) of real points, which is the chain of integration of the Feynman am- 
pUtude. The latter choice gives a manifestly algebraic differential form, but 
at the cost of introducing a hypersurface Zy in where the singularities 
of the form occur, which makes it difficult to control explicitly the nature 
of the motive. Our choice here only gives a differential form, but the 
domain of definition is now simply Confr(X), whose motivic nature is much 
easier to understand, see [TOl. 



Formally (before considering the issue of divergences), the Feynman inte- 



gral is obtained by integrating the form (2.2) on the locus of real points of 
the configuration space. 

Definition 2.4. The chain of integration for the Feynman amplitude is 
taken to be the set of real points of this configuration space, 

(2.5) ar = X{R)^^. 



The form (2.2) defines a top form on ar- There are two sources of di- 



vergences in integrating the form (2.2) on ar- the intersection between the 
chain of integration and the locus of divergences of ujr, 

(TrnUeAe = UeAe(M) 

and the behavior at infinity, on Aqo := X \ . In physics terminology, 
these correspond, respectively, to the ultraviolet and infrared divergences. 
We will address these issues in ^ below. 



2.3. Variations upon a theme. In addition to the form (2.2) considered 
above, we will also consider other variants, which will allow us to discuss dif- 
ferent possible methods to address the question of periods and in particular 
the occurrence of multiple zeta values in Feynman integrals in configuration 
spaces. 

2.3.1. Complexified case. In this setting, instead of the configuration space 
and its locus of real points a = X^^ (M) , we will work with a slightly 
different space, obtained as follows. 

As above, let X be a smooth projective variety, and Z denote the product 
X X X. Let p : Z ^ X , p : z = {x,y) ^ X he the projection. 

Given a graph F, the configuration space F{X, F) of F in Z is the com- 
plement 

(2.6) \ IJ ) ^ (X X X)Vr \ y ), 

eeEr eeEr 

in the cartesian product Z^^ = {{z^ \ v E Vr)} of the diagonals associated 
to the edges of F, 

(2.7) Af ) ^{(z,\veVr)e | p(z,(e)) = p{ztie))}. 

The relation between the configuration space F{X, F) and the previously 



considered Confr(X) of (2.3) is described by the following. 
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Lemma 2.5. The configuration space F{X, T) is isomorphic to 
(2.8) F{X, r) ~ Confr(X) x X"^^ , 

and the diagonals (2.7) and related to those of (2.4) by Ag^^ = Ag x X^^ . 



2.3.2. Feynman amplitudes in the complexified case. We assume that the 
smooth projective variety Z contains a dense open set isomorphic to affine 
space A^^, with coordinates z = [xi, . . . ,XD,yi, ■ ■ ■ jVd)- 

Definition 2.6. Given a Feynman T with no looping edges, we define the 
corresponding Feynman amplitude (weight) as 

(2.9) Lo^^^ = JJ II u2D^ A dxvAdxv, 

where \\xg(^e) ~ Xt(e)\\ = l|p(-2^)s(e) ~ Piz)t{e)\\ '^''T'd where the differential forms 
dxy and dx^ denote, respectively, the holomorphic volume form dx^^i A - ■ ■ A 
dxv,D and its conjugate. The chain of integration is given, in this case, by 
the range of the projection 

(2.10) = X {y = (y^)} c Z^^ = X x^^, 
for a fixed choice of a point y = [y^ \ v G Vp). 



The form (2.9) is a closed C°° differential form on F{X,V) of degree 
2dimcX^r = dime = 2L'|Vr|, hence it defines a cohomology class in 
ij2^|Vrl(^(X,r)), and it gives a top form on the locus a^^'^^ 

In this case, the divergences of J (z,y) are coming from the union of 
the diagonals UgeEp'^e and from the divisor at infinity 

(2.11) Ag^r — ^^^'^^ \ A^l^rl(c) X {y}. 

We will address the behavior of the integrand near the loci Ug^Er 

A'e ' and 

(z) 

A^ r appropriate regularization of the Feynman amplitude and the 

chain of integration in ^ below. When convenient, we will choose coordi- 
nates so as to identify the affine space A-^I^'"I(C) x {y} C a^^'^^ with a real 
affine space A^^l^rl^^). 

2.3.3. Feynman amplitudes and complex Green forms. A variant of the am- 
plitude 00^^ of (2.9), which we will discuss briefly in ^s] is related to the 



complex Green forms. In this setting, instead of (2.9) one considers the 
closely related form 

1 ^ 

(2.12) ^r= n ||^,,_^, i|2D-2 A 'dx,^[k]^dx,^[^,], 
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where the forms dxy^^/^j and dxy^^^-^ denote 



dx. 



v,[k] 



dx. 



v,[k] 



dxy^i A • • • A dxy k A • • • A dx^^D, 
dxy^i A • • • A dxy^k A • • • A dx^^D, 



respectively, with the factor dx^^k and dxy^k removed. 



Notice how, unhke the form considered in (2.9), which is defined on the 



affine A^^l^rl ^ ^Vr^ ^he form Kuh has the same degree of homogeneity 



2D — 2 in the numerator and denominator, when the graph T has no multiple 
edges, hence it is invariant under rescaling of the coordinates by a common 
non-zero scalar factor. 



2.3.4. Distributional interpretation. In the cases discussed above, the ampli- 
tudes defined by (2.2) and (2.9) can be given a distributional interpretation, 
as a pairing of a distribution 

(2.13) 



n 

eEr 



1 



where a is either 2A = D — 2 or 2D — 2, or 2D, and test forms given in the 
various cases, respectively, by 

(1) forms (pixy) A^eVr ^-Xv, with cj) a test function in C°^(A^l^rl(]R)). 

(2) forms (p{zy) Ai;eVr ^ ^^""^ ^^^^ (pi^v) = (f'ipi^v)) = (f'ixv) a test 
function in C°°(X^r(c)); 



3. FeYNMAN AMPLITUDES AND BOCHNER-MARTINELLI KERNELS 



We describe the relation between the Feynman amplitude a;r of (2.2) and 
the Green functions of the Laplacian and we compute dujr in terms of an 
integral kernel associated to the graph F and the affine space 

. . 

We also discuss the relation between the Feynman amplitude of (2.9), 
in the complexified case, and the Bochner-Martinelli kernel. 



3.1. Real Green functions. The Green function for the real Laplacian on 
A^(R), with D = 2\ + 2,is given by 



(3.1) 



GRix,y) 



1 



|2A 



Consider then the differential form u = G^{x, y) dxAdy. This corresponds 
to the Feynman amplitude ( 2.2 ) in the case of the graph consisting of a single 
edge, with configuration space {X x X) \ A, with A = {{x,y) 
diagonal. 



X 



y} the 
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Lemma 3.1. The form oj = G^{x,y) dx A dy is not closed. Its differential 
is given by 

D 

(3.2) 



7rj=. (dx A dy A dx^ — dx A dy A dyk) 

\\x — y\\^ 

k=l " ^" 



Proof. We have 



duj = duj = dx A dy A dxt + dx A dy A dyk 

oxk ^ oyk 

k=\ " k=l ^'^ 



We then see that 

d\\x-y\\-^^ 
dxk 



^ {xk - Vk) d\\x-y\\ ^ A— ~ ^'^^ 



\x-y 



ID ■ 



dyk 



\x - y\ 



D ■ 



SO that we obtain (3.2). 



□ 



3.2. Feynman amplitudes and integral kernels on graphs. We first 
consider the form defining the Feynman amplitude of (2.2). It is not a 
closed form. In fact, we compute here explicitly its differential doj^ in terms 
of some integral kernels associated to graphs. 

Recall that, given a graph F and a vertex v G Vr, the graph F \ {u} has 
(3.3) Vr,|^|=Vr\W, and Er^|^| = Er \ {e G Er | G 5(e)}, 
that is, one removes a vertex along with its star of edges. 

Definition 3.2. Suppose given a graph F and a vertex v G Vp. We define 
the differential form 

D 



4.{x) = {-ir-\e. V e.y^^p^^^^^^^dx.Ad-x,,k 



(3.4) 

e:De9(e) fc=l 

in the coordinates x = {xy \ v G Vr), where the sign eg = ±1 is positive or 
negative according to whether v = s{e) or v = t{e) and the sign Cy — itl is 
defined by 

ev{ /\ dxw) A dxv = f\ dx^i. 

Given an oriented graph T, we then consider the integral kernel 
(3.5) /CK,r(x) = A ^ ^r-^{v} A Kf^^{x), 



where Wr\{r)} ^■s the form (2.2) for the graph (3.3). 



Proposition 3.3. The differential dur is the integral kernel /Ck^f of (3.5). 
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Proof. First observe that, for ujr the Feynman amphtude of (2.2), we have 
dojr = dur, that is. 



D 



d 



We have 



1 



|2A 



n H ~ m ) ' f X] H Z — m I 



n 

\e:v^de 



1 



|2A 



, e:D=s(e) 



l|-r / N — -r l|2A 
|-''i(e) ■^ull 



A- n 



^s{e) ~ Xt{e) 



|2A 



.e:?;=s(e) ^ e:v=t{e) ^ ' 



D 



where we used the fact that, for z,w ^ , one has 



J) l_ 

dwk \\z — w 

We also introduce the notation 



A {wk - Zk) 



|2A 



\z — w 



\D 



(3.6) 

so that we find 



Ax)= n 



|2A • 



We then identify the term Vy{x) Aw^v dx^ with the form wr\{t,}- □ 



It is easy to see that this recovers (3.2 ) in the case of the graph consisting 
of two vertices and a single edge between them. 
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3.3. Complex Green functions and the Bochner— Martinelli kernel. 

On A^(C) C X the complex Laplacian 



D Q2 



dxkdxk 

k=l 



has a fundamental solution of the form [D > 1) 
(3.7) Gc{x,y)- ^ 



{2TTi)D\\x-y\\^D-2- 
The Bochner-Martinelli kernel is given by 

(3.8) }Cc{x,y) = ^^-p^E(-l)'-'^^^^^W 
where we write 

dx = dxi A • • • A dxD and dx^^j = dxi A • • • A dx^. A • • • A dx^, 

with the fc-th factor removed. The following facts are well known (see 
S3.2 and [261): 



(3.9) /Cc(x,y)= j;(-l)'=-i^dx[,] Adx 

k=l 

D 

= {-l)'^-^d^Gc ^^dx\k] A dx\k]. 

k=l 

where dx and dx denote the operators d and d in the variables x = (x^). For 
fixed y, the coefficients of }Cc{x, y) are harmonic functions on A-^ \ {y} and 
/Cc(a;, y) is closed, dxlC{x, y) = 0. Moreover, the Bochner-Martinelli integral 
formula holds: for a bounded domain S with piecewise smooth boundary 
dTj, a function / G C^(S) and for y € H, 
(3.10) 



f{y)=l fix)ICcix,y)+ A{f){x)Gcix,y)dxAdx- Gc{x,y) fif{x), 

JdY, JY. JdT. 

where fJ-fix) is the form 

(3.11) fifix) = Y^{-l)D+k-i:^dx[k]Adx. 



u 1 
k=l 



The integral (3.10) vanishes when y ^ T,. A related Bochner-Martinelli 
integral, which can be derived from (3.10) (see Thm 1.3 of [26]) is of the 
form 



(3.12) fiy)= / /(x)/Cc(x,y)- / a/A/Cc(x,y), 

JdT, JT. 
for y e S and / G C^S), with Bf = Y.k dxjdxj,. 
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Similarly, one can consider Green forms associated to the Laplacians on 
QP,g forms and related Bochner-Martinelli kernels, see |34j . 

3.4. Feynman amplitude and the Bochner Martinelli kernel. We 



now consider the Feynman amplitude wr of (2.12) in the complexified case 



discussed in ^ 2.3.3 We first introduce a Bochner-Martinelli kernel for 
graphs. 

3.4.1. Bochner-Martinelli kernel for graphs. We define Bochner-Martinelli 
kernels for graphs in the following way. 

Definition 3.4. Suppose given an oriented graph T and a vertex v G Vp. 
We set 

(3.13) 4,.= E 

e:v&d{e) k=l 

and 

D ( _ \ 

(3.14) Kr;„= 2^ ee2^(-l) n ^ ^ _ ^ ^ u2D d^-M ^ ^x,, 

e:vedie) k=l ^^^'(^^ ^^(^^^^ 

where the sign Ce is ±1 depending on whether v = s{e) or v = t{e). 

3.4.2. Bochner-Martinelli integral on graphs. There is an analog of the clas- 



sical Bochner-Martinelli integral (3.12) for the kernel (3.13) of graphs 



We first recall some well known facts about the Laplacian on graphs, 
see e.g. [5]. Given a graph F, one defines the exterior differential 5 from 
functions on Vr to functions on Er by 

{5h){e) = h{s{e)) - h{t{e)) 

and the 5* operator from functions on edges to functions on vertices by 

e:v=s{e) e:v=t(e) 

Thus, the Laplacian Ar = 5*5 on F is given by 

(Ar/)(^)= E (Hv) - h{t{e)) - E iHs{e)) - h{v)) 

e:v=s{e) e:v=t{e) 

= Nyh{v)- E ^(^e), 

e:v&d{e) 

where Ny is the number of vertices connected to v by an edge, and Ve is the 
other endpoint of e (we assume as usual that F has no looping edges). Thus, 
a harmonic function h on a graph is a function on Vp satisfying 

(3.15) ^(^^ = i^ ^ 
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Motivated by the usual notion of graph Laplacian Ar and the harmonic 
condition (3.15) for graphs recalled here above, we introduce an operator 

(3.16) (Ar,./)(x)= Yl /(^-e), 

e:uS9(e) 

which assigns to a complex valued function / defined on C X a complex 
valued function Ar,„/ defined on X^^. 
We then have the following result. 

Proposition 3.5. Let f be a complex valued function defined on C X. 
Also suppose given a bounded domain S with piecewise smooth boundary 5S 
in and assume that f is on H. For a given v S Vr consider the set 
of X = (xyj) E A^l^rl X^^ , such that x^^ G S for all Ve ^ v endpoints of 
edges e with v G d{e). For such x = (x^) we have 
(3.17) 

(Ar,./)(:E) = ^^^rp^ (^^ f{xv)4A^) - ^ 9,J{x.,) A 4,,(x)) , 

where the integration on S and dTi is in the variable x^ and A^^^f is defined 
as in (3.16). 



k-l [Xs{e),k ~ Xt(e),k) 
2D 



Proof. We have 
where 

rj^ = dxy A dx^jjfc]. 

We write the integral as 

D 



e:v=s{ej k=1 

- E / /wEm)'^-^^^''-'^""^''^" 



■,v=t(e)-'^^ k=l 11^^ 



e:vGd{e) k=l 

The case of the integral on T, is analogous. We then apply the classical result 
(3.12) about the Bochner-Martinelli integral and we obtain 

[ f{x)4^^[x)- [ d.J{x)AKl,{x) = l^^ Yl /(^-e). 

□ 
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3.4.3. Feynman amplitude and Bochner-Martinelli kernel. The Bochner- 
Martinelli kernel of graphs defined above is related to the Feynman ampli- 



tude (2.12) by the following. 



Proposition 3.6. Let cor be the Feynman amplitude (2.12). Then 
(3.18) dur = (^v wrx{t;} A Kr,„ 



(3.19) 

where the sign is defined by 



dujr= ^ wrx{i,} A (-1)-^ ^k^'*, 



I A ^dx^,[k] Adx^jfc] I A ( ^(-1)'' ^dx^^[k] A dx^jfc] | 

\wj^v k J \ k / 



t;'GVr k 



Proof. The argument is analogous to Proposition 3.3 



□ 



4. Integration over the real locus and zeta values 



In this section we consider the Feynman amplitudes cor defined in (2.2) 



and the domain or defined in (2.5). We give an explicit formulation of the 
integral in terms of an expansion of the real Green functions ||2;s(e)— Xt(e) H"^*^ 
in Gegenbauer polynomials, based on a technique well known to physicists 
(the x-space method, see |llj). We consider the integrand restricted to the 
real locus X(]R)^'", and express it in polar coordinates, separating out an 
angular integral and a radial integral. We identify a natural subdivision of 
the domain of integration into chains that are indexed by acyclic orientations 
of the graph. In the special case of dimension Z) = 4, we reduce the integral 
over each chain to a divergent term and a residue, where the latter can be 
explicitly written in terms of products of integrals of polylogarithm functions 
on a simplex, hence of products of zeta values. 



4.1. Cycles in configuration spaces. Spencer Bloch recently introduced 
a construction of cycles in the relative homology H^{X^^ ,Lle^e) of the 
graph configuration spaces, that explicitly yield multiple zeta values as peri- 
ods [8j. We use here a variant of his construction, which will have a natural 
interpretation in terms of the x-space method for the computation of the 
Feynman amplitudes in configuration spaces. 
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4.1.1. Directed acyclic graph structures. 

Definition 4.1. Let T be a finite graph without looping edges. Let r2(r) 
denote the set of edge orientations on T such that the resulting directed 
graph is a directed acyclic graph. 

It is well known that all finite graphs without looping edges admit such 
orientations. In fact, the number of possible orientations that give it the 
structure of a directed acyclic graph are given by {—l)^^Pr{—l), where 
Pr{t) is the chromatic polynomial of the graph F, see j33] . 

The following facts about directed acyclic graphs are also well known, and 
we recall them here for later use. 

• Each orientation o G ^^(r) determines a partial ordering on the 
vertices of the graph T, by setting w >o v whenever there is an 
oriented path of edges from f to in the directed graph (r,o). 

• In every directed acyclic graph there is at least a vertex with no 
incoming edges and at least a vertex with no outgoing edges. 

We also recall the following facts about path partitioning of directed 
acyclic graphs. 

Definition 4.2. Let (F, o) be a directed acyclic graph. A path partitioning 
VofT consists of a collection V = {71, . . . , 7^} of oriented paths in (T, o) 
with the property that, if denotes the set of vertices belonging to a path 
7, then U^g-p = Vr and for any two paths 7, 7' in V , the sets of vertices 
n Vy = 0. 

There is a characterization, due to Gallai-Milgram, of path partitioning 
in a directed graph, based on the stability number of the graph. 

Definition 4.3. A subset of Vr is stable (or consisting of independent 
vertices ) if it is a set of pairwise non-adjacent vertices in T, that is, no two 
vertices in the subset are connected by an edge ofT. The maximal size of a 
stable set in a graph is the stability number a{T). 

For instance, the stability number a(F) = 1 if and only if F is a com- 
plete graph. The Gallai-Milgram theorem is an existence theorem for path 
partitioning of directed graphs. 

Theorem 4.4. (Gallai-Milgram, [19j) Let (F, o) be a directed graph with no 
looping edges and no multiple edges, with stability number a{T) = k. Then 
there exists a path partitioning of F into at most k oriented paths. 

4.1.2. Relative cycles from directed acyclic structures. Given a graph F we 
consider the space X^^ . On the dense subset A^{R) = X{R) \ Aoo(M) of 
the chain of integration or, we use polar coordinates with Xy = VyU^, with 
r„ e M+ and G S^^^. 
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Definition 4.5. Leto G ^{T) be an acyclic orientation. Consider the chain 

(4.1) So := {(xv) G X'^^(R) : r^ > r^ whenever w >o v}, 

with boundary dT,o contained in UeeEr^e- It defines a middle dimensional 
relative homology class 

The following simple observation will be useful in the Feynman integral 
calculation of Theorem 14.91 



Lemma 4.6. Let o G f^(r) he an acyclic orientation and So the chain 
defined in (4.1). Then So \ Ut,{r„ = 0} is a bundle with fiber {S^~^)^^ 



over a base 

(4.2) So = {(rv) G (M^)^"" '■ r^j > r^ whenever w >o v}. 

Proof. This is immediate from the polar coordinate form Xy = r^ujy, with 
r^ £ and u)y £ S^-'^ . □ 

Lemma 4.7. Let o G ^^(r) be an acyclic orientation, and let "Pr.o be a 



path-partitioning as in Definition and Theorem 4-4' Then the chain So 
decomposes as a product So = n7ePr ^7.°' 

^7,0 = {rs{j) < ■ ■ ■ < C M+^. 

Proof. The chain So is given by 

{rv <rw ■■ V <oUj} C M^^. 



Since 'Pr,o is a path partitioning, in the sense of Definition 4.2, we have 

7e-Pr,o 

Moreover, the partial ordering on Vr induced by the acyclic orientation o 
is compatible with the partition "Pr.oj since the latter consists of oriented 
paths and is in fact the same as the ordering defined by the paths of the 
partition, namely v <o w iff there is an oriented path 7 G Vr,o that goes 
through V first and then through w. Thus, we have sets S^^o as above, and 
their product gives So- □ 



4.2. Gegenbauer polynomials and angular integrals. One of the tech- 
niques developed by physicists to compute Feynman amplitudes in momen- 
tum space relies on the expansion in Gegenbauer polynomials, see for in- 
stance III] and the recent ^J. 

The Gegenbauer polynomials (or ultraspherical polynomials) are defined 
through the generating function 
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for |t| < 1. For A > -1/2, they satisfy 

(4.4) I' (1 _ = Sr^^m"^^^^^^^^. 

We use what is known in the physics hterature as the x-space method 
(see [H]) to reformulate the integration involved in the Feynman amplitude 



calculation in a way that involves the relative chains of Definition 4.5 



Theorem 4.8. In even dimension D = 2X + 2, the integral J^^ cor of the 



form (2.2) on the chain or can be rewritten in the form 



(4-5) E / n^4ME(;^r^^^Ke)-*(e))M^> 

with volume element dV = Y[y d^x^ = r^~^drv dcoy. 



Proof. We write the integral in polar coordinates, with 

duj = s'm^^'^ {(pi) sm^^^{(j)2) ■ ■ ■ sin((/)£)_2)(i(/)i • • • d(j)o-i 
the volume element on the sphere S^~^ and d^Xy = r^'^dr^ duj^ 



In dimension D = 2A + 2, by (4.3), the Newton potential has an expansion 



in Gegenbauer polynomials, so that 

1 _ 1 

Iks(e) -^t(e)P^ ~ /'f(l + (^)'-2^'^s{e)-Wt(e))^ 

(4.6) oo 

= Pe-''E(-)"^^^Ke)-'^*(e))' 
?i=0 

where pe = m.a-K{\\xs[e)\\A\xt{e)\\} and re = min{||2;^(e)||, ||a;t(e)||} and with 

We can subdivide the integration into open sectors where, for each edge, 
either r^(g) < rj(g) or the converse holds, so that each term p"^"^ is r~^J^ (or 

r~^g^) and each term {re/ Pe)^ is {rs{e)/ft{e))^ (or its reciprocal). After fixing 
one of this sectors, we can obtain all the others by flipping orientation to 
some of the edges of F. Thus, we see that we can label the sectors with 
choices of orientations on F that induce a partial ordering on the set of 
vertices. These are precisely the acyclic orientations o E f^(F) described in 



Definition 4.1 Moreover, the chain of integration corresponding to one of 



these sector is then the chain So of Definition |4.5[ □ 



Now we look more closely at how to simplify the integral (4.5) using the 
orthogonality relation between the Gegenbauer polynomials (4.4). 
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Theorem 4.9. The integration of (4.5) in the angular variables determines 
a family of integrals 

(4-7) ^K).,E^ = / D 1 V n Cn]H^sie) ■ ^t(e)) J] 

labelled by all choices of integers Ue for e G Ep. iei V = Vt,o be a path 
partitioning of (T, o) into at most a(T) vertex-disjoint paths, as in Gallai- 
Milgram (Theorem \4.4\ )- Then the angular integrals (4.7) can be written in 
the form 

_ / xo^A+l X^(7)+l 

(4.8) A..,w-n( r(A + !)(„, + A) ) 

where ^(7) = — 2 is the number of internal vertices the path 7 traverses 
and l-Ln{S'^'^^^) is the space of harmonic functions of degree n on the sphere 

Proof. Let N = \ Er | . We write the terms in the integrand as 



eeEr \ n 



ipi---pN)-'' Yl (-r •••( — )"- CW(a;,(,^).^,(g^))...cW(a;,(,^).a;,(,^)). 

Pi Pn 

ni,...,?ijv 

We then use the fact that, up to a set of measure zero given by Uvi^v = 0}, 
the chain of integration So can be replaced by a product of an integration on 
{S^~^)^^ in the angular measure dcoy and an integration along So in the 
radial measure Y[v''^v~^dr^. For each term in the sum over the collections 
of integers (ne)eeEr; then have an angular integral -4.(„^), as in ( |4.7[ ). 

Consider a sector So that corresponds to an acyclic orientation o G il(r). 
We know by the Gallai-Milgram theorem (Theorem |4.4[ ) that there exists 
a path partitioning V of (F, o) into at most a(F) vertex-disjoint oriented 
paths. 

For each path 7 G consider the associated angular integration A^y 



L 



We then use the fact that the Gegenbauer polynomials satisfy [1] 

(4.9) / ci\u:l■UJ)Ci^\uJ■UJ2)du: = 5n,„^^^^^^^^^Ci^\ul■U2), 

JsD-i n + X 

with Vol{S^-^) = 2^^+Vr(A + 1). 
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Thus, along each path 7 E P the angular integral becomes 

(4.10) A = ci^^K.) (|.(XTI)j (^^TW 

where n = ni = • • • = n^., ^(7) = A; — 1 is the number of intermediate ver- 
tices along the path 7, and 5(7) and t(7) are the source and tail vertices 
of 7. Thus, this reduces the angular integral ^(ne)egE ^ family param- 
eterized by integers (n^)-yg-p, due to the Kroncker delta function constraint 
'5n^,(ne)eGE^ lu cach integration along each path 7 G "P. 
Thus, the angular integral can be written as 

(4.11) ^^^^ 

An.h,v = n (r(A + lKn, + A)) j^so-^y da;.(,)d^i(,). 

We then use the fact that the Gegenbauer polynomials are related to the 

zonal spherical harmonics {L1J2) by 

(4.12) C7W(a;i.^2)=CD,n4"H'^2), 

for D = 2X + 2, with a;i,a;2 G S"^"^ and 

dimW„(S°-i) 

(4.13) 4"^(W2)= yfc(a;i)nM, 

fe=i 

where UniS^''^) is the Hilbert space of spherical harmonics on ^ of 
degree n, and {Y^} is an orthonormal basis of 'Hn{S^~^). The coefficient 
CD,n is given by 

_ VoljS^-^) {D - 2) 

- 2n + D-2 ' 
and the dimension of the space UniS^"^) of spherical harmonics is given 
by 



dim?^„(S' 



D-lN 



D-l+n\ /D-3 + n 
n I \ n — 2 



In view of the distributional interpretation of these integrals (see ^2.3.4), 
the integral 

should in fact be regarded as 

_ '^(■^5(7)1 Wt(7)) C'i^^ (1^5(7) ■ ^t{'y))duJs{'y)duJt{-y) = 

Ci^\u:-co)dco = Ci^\l)Vol{S'>-'). 

SD-l 
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Using (4.13), we also know that 



CD 



dimW„(5-»-i) 

n I Yfc (w) pdw = cz),„ dim (5 



D-l\ 



Which gives d^)(l) = ^^'^-^;f-^) 



Thus, we obtain from (4.11 ) the expression (4.8) for the angular integrals. 

□ 



4.3. Feynman amplitudes in dimension four. We now specialize to the 
case where D = A and A = 1. We obtain the following reformulation of the 
Feynman amplitude calculation via the x-space method. 



Theorem 4.10. When D = A, the integral \A.b\ can he rewritten as 



(4.14) E n £ (2.=)««r;,.„^Li„„_.(^) n 



with E^^o as in Lemma ^.?, and with Lis{z) the polylogarithm function 



k=l 



Proof. In the case D = 4 we have 

^3, fn + 3 



dim?^„(5' 



fn + l 
n J \n — 2 
Thus, the angular integral of Theorem |4.9| becomes 
(4.15) J] (2^2)^(7)+i(^^ + 

767'r,o 



n+l) 



as 



We then write the contribution of the path 7 to the integrand (with A = 1) 

(7)' 



(n + 1)%)+! 



the volume form is given by Ili^eVT, '''v'^'^v- Combined with the factor (HeeE^ 
in the integrand above, this gives 



7-2 



Moreover, we know by Lemma 4.7 that Eq = 117^7,0- The integral (4.5) 
can then be written as 
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One then obtains (4.14) by writing 

rsi-y). 



L 



l£(7)-l( 



^(7) ■ 



E 

n-y>0 



(^^ + 1).(7)-1V,(,) 



□ 



4.4. Divergences and residues. So far all the integral calculations we 



wrote in Theorems 4.8, 4.9 and 4.10 are purely formal, since we did not deal 



with any kind of regularization of the divergences of these integrals. Now 
we look more carefully at some sources of divergences and corresponding 
regularizations. 



Proposition 4.11. After a change of variables, the integral (4.14) in di- 



mension D = A can he written, with a cutoff regularization, in the form 
(4.16) 

Yl n 2V +1 ^^^^^^ / ^^(7)Li£(7)-l(«s(7))'^"^(7) n 

oen(r)7ePr,o ^ vj^s{-y),t{-y) 

where at is the k-simplex, and the divergence occurs as R ^ 00. 
Proof. We change coordinates in the integral 



^(7) 



T^g f ry\ "J r 

fs(7);;:7-7Li^(7)-i(;r7-) [[ r^dr^ 



by setting Uy = r^/rn^yy Thus the volume form becomes 

t(7) '"''*(7) 



JJ r^(ir„ = 2 d{ul) A rf^^^^ ^dr^ 



and the domain of integration S^^o becomes a product of 

0^7,0 := {0 < n^(^) < til < • • • < tifc < 1}, 

where is the last internal vertex of the path 7 before the endpoint ^(7), 
and {0 < r((^) < 00}. The chain with boundary a^^o is therefore just a copy 
of the /c-simplex. We then rewrite the integral above as 

/ ^t{^)'^^t{l) /_ ^^(7)Li^(7)-l(^s(7))f^?^s(7) W UydUy. 

The first factor contributes a divergence along Aqo = X \ A^, which can be 
regularized by a cutoff 



R 



2V^+l 



,0 ''S'^''*^^) " 2v:;ti- 

This gives a pole of order 2V^ + 1 along the divisor a Aqo- 



□ 
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Thus, we see that the contribution of the path 7 G Vr^o to the Feynman 
ampHtude as a pole at Aqo of order 2V^ + 1. We also express the coefficient 
of this polar term in terms of multiple zeta values. 

Proposition 4.12. The coefficients of the polar terms at Aqo in the Feyn- 
man amplitude in configuration space are combinations of products of zeta 
values with coefficients that are rational combinations of powers of {2iTi) . 



Proof. The integral over the /c-simplex in (4.16) is given by 

/ Ukduk / Uk-iduk-i--- / n^/ )Li^(^)_i(ns^) (in^(^). 
Jo Jo Jo 

Since Lin(x) = J Lin-i{x)x^^dx, one has 



x"'UJx)dx = -^—x'^+^UJx) — [ x"'Un.i(x)dx. 

m + 1 m + 1 J 

One applies this repeatedly, until the last term will be (up to a rational 
numerical factor) of the form — J x"^ log(l — x) dx = /(I — u)"^ \og{u) du. 
Thus, this results in a sum of terms, with rational coefficients, each of which 
is given by an integral of the form x-'Lifc(x) dx. These can be computed 
in terms of zeta values using the identities [U] 



L 



1 k 

Uk{x)dx = {-if-^+Y,{-'^y^H{j), 



,=2 



' x-Lifc(x) dx = - r x™Li,_i(x) dx 



1 



/ x""log(l - = — '—Hm+i, 
Jo m + l 



with Hn the harmonic number Hn = X]fc=il/^- Moreover, the overall 



numerical factor that appears in the integral (4.16) is given by a rational 



number times a power 

Notice that we have divergences at Aqo and that the result is expressed in 
terms of sums and products of zeta values rather than irreducible multiple 



zeta values. The integrand, as written in (4.16), involves a product of poly- 
logarithms Li^(^-)_i(us(^)) over the paths of the path-partitioning 7 G Vt,o- 
A different presentation of the resulting periods could be obtained by first 
applying the stuffle relations to this product of polylogarithms (see §4 of 
|37|). which expresses it in terms of multiple polylogarithms, and then com- 
pute the integrals in terms of multiple zeta values. 
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5. Wonderful compactifications and the Feynman amplitudes 



In this section, we consider the case of the Feynman ampHtude (2.9) 
introduced in §2.3.2 As in Definition |2.6[ the locus of integration is, in this 
case, the complex variety X^^ x {y = (yv)}, for a fixed choice of a point 
y — iUv), inside the configuration space with Z = X x X. 

To discuss an appropriate regularization procedure for the Feynman inte- 
gral and interpret the result in terms of periods, we need first some basic facts 
about the wonderful compactifications of the configuration spaces F(X,T). 

We described in detail in our previous work |10j the geometry of the 
wonderful compactifications of the configuration spaces Confr(X). We re- 
call here the main definitions and statements, adapted from Confr(X) to 
F{X,T). The arguments are essentially the same as in |10| . 



5.1. Arrangements of diagonals. A simple arrangement of subvarieties 
of a smooth quasi-projective ambient variety y is a finite collection of non- 
singular closed subvarieties S = {Si C Y,i £ 1} such that 

• all nonempty intersections Hie j for J C I are in the collection S. 

• for any pair Si,Sj G 5, the intersection Si D Sj is clean, that is, the 
tangent bundle of the intersection is the intersection of the restric- 
tions of the tangent bundles. 



5.1.1. Diagonals of induced subgraphs and their arrangement. For each in- 
duced and not necessarily connected subgraph 7 C F, the corresponding 
(poly)diagonal is 
(5.1) 

Af ) = {z = (z,) G Z^r I = fo^ {^^^/} = g e E^}. 

We have the following simple description. 

Lemma 5.1. The diagonal Ai^^^ is isomorphic to X^r//7 x X^^ , and has 

dimension 

(5.2) dimA(,^) = dimX^^/Z-y x X^^ = dim(X)(2|Vr| - |V^| -^60(7)) 

where 60(7) the number of connected components of 'j. 

We then observe that the diagonals form an arrangement of subvarieties. 
This is the analog of Lemma 5 of |10j . 

Lemma 5.2. For a given graph F, the collection 

(5.3) 5r = {Af)|7GSG(F)}, 

with SG(F) the set of all induced subgraphs ofV, is a simple arrangement 
of diagonal subvarieties in Z^^ . 
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Proof. Let 71 and 72 be a pair of induced subgraphs. If 71 n 72 = 0, then 

( z) 

7 = 71 U72 is in SG(r), and the corresponding diagonal A\/ is given by the 

intersection Aiy^ n • the other hand, if 71 H 72 7^ 0, we consider the 

(z) (Z) 

connected components 7j of the union 7. Then, the intersection A^-^ n A^j 
( z\ 

can be written as HjA^^^'^ where i(7j) is the smaUest induced subgraph of F 

containing 7^. All diagonals are smooth and the ideal sheaf of intersection 

(z\ (Z) 
Aiy is the direct sum of the ideal sheaves of the intersecting diagonals Ay. . 

By Lemma 5.1 of [28], their intersections are clean. □ 



5.1.2. Building set of the arrangements of diagonals. A subset ^ C 5 is 
called a building set of the simple arrangement S if for any S £ S, the mini- 
mal elements in {G G ^ : G ^ S} intersect transversely and the intersection 
is S. 

A ^-building set for the arrangement 5r can be identified by considering 
further combinatorial properties of graphs. A graph T is 2-vertex- connected 
(or biconnected) if it cannot be disconnected by the removal of a single vertex 
along with the open star of edges around it. The graph consisting of a single 
edge is assumed to be biconnected. 

We then have the analog of Proposition 1 of [10] . 



Proposition 5.3. For a given graph T, the set 

(5.4) Qr = {'^j^^ I 7 ^ r induced, biconnected} 

is a Q -building set for the arrangement Sr of (|5.3|). 



Proof. The intersection of a bi-connected subgraph of F with an induced 
subgraph is either empty or a union of bi-connected induced subgraphs at- 
tached at cut-vertices. We decompose induced subgraphs into bi-connected 
components. The diagonals corresponding to these bi-connected components 
are the minimal elements in the collection Sr- For a pair of bi-connected 
induced subgr aphs 71,72 with 7 = 71 U 72, we have the following equalities 
due to Lemma 



5.1 



dimA^f +dimA\f -dimAiy^^ = dim(X^r//-,i xX"^^) + 

dim(X'^r//^2 X X^r) _dim(X'^r//^ X X^r) = 2dim(X)|Vr| = dimZ^r. 

(Z) (Z) 

and these guarantee the transversality of the intersection Aij,^ n A^^ . □ 



5.2. The wonderful compactifications of arrangements. To be able 
to analyze the residues of Feynman integrals, we need a compactification 
Z\r] of the configuration space F{X, F) satisfying certain properties. In 
particular, Z[T] must contain F{X,T) as the top dimensional stratum, and 
the complement Z[T] \ F{X,T) of this principal stratum must be a union 
of transversally intersecting divisors in Z[r]. The transversality is essential 
for the use of iterated Poincare residues, which we will discuss in ^ below. 
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There is a smooth wonderful compactification Z[T] of the configuration 
space F(X, T) which is a generahzation of the Fulton-MacPherson compact- 
ification [18J. The construction is completely analogous to the construction 
of the wonderful compactifications Confr(X) considered in our previous pa- 
per [To]. Again, we illustrate here briefly what changes in passing from the 
case of Confr(X) to the case of F(X,T). 



5.2.1. The iterated blowup description. As in the case of Confr(X) (see §2.3 
of [in]), the wonderful compactification Z[T] is obtained by an iterated se- 
quence of blowups. 

The following is the direct analog of Proposition 2 of [10] . 

Let |Vr| = n and let Qk,r ^ Gr be the subcollection 

(5.5) Qk,r = {^7^'' I 7 G SGfc(r) and biconnected} for A; = 1, . . . , n — 1. 

Let Yq = and let be the blowup of along the (iterated) dominant 

(z) 

transform of A^, G Qn-k+i,r- If P is itself biconnected, then Yi is the 

(z) 

blowup of Yq along the deepest diagonal Ap , and otherwise Yi = Yq. 
Similarly, we have Y^ = Ifc-i if there are no biconnected induced subgraphs 
with exactly n — k + 1 vertices. The resulting sequence of blowups 

(5.6) ^n-l ^ yY2^Yi^ Z^r 

does not depend on the order in which the blowups are performed along the 

iz\ 

(iterated) dominant transforms of the diagonals A^ , for 7 S Qn-k+i,v-, for 
a fixed k. Thus, the intermediate varieties Yk in the sequence (5.6) are all 
well defined. The variety Yn-i obtained through this sequence of iterated 
blowups is called the wonderful compactification; 



(5.7) Z[T] := Yr 



n-l- 



Note that Z[T] is a smooth quasi-projective variety as can be seen through 
its iterated blow-up construction, see |28j . 



5.2.2. Divisors and their intersections. Recall from ^8] that a Qr-nest is a 
collection {71, . . . ,7^} of biconnected induced subgraphs with the property 
that any two subgraphs 7 and 7' in the set satisfy one of the following: (1) 
7 n 7' = 0; (2) 7 n 7' = {v}, a single vertex; (3) 7 C 7' or 7' C 7. 
We then have the following analog of Proposition 4 of |10j . 



Proposition 5.4. For a given biconnected induced subgraph 7 C P, let 



(z) 

be the divisor obtained as the iterated dominant transform of A 



(z) 



m 



the iterated blowup construction (5.6) of Z[T]. Then 



(5.8) Z[P]\F(X,P)= U D\^\ 
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The divisors oi/^^ have the property that 

(5.9) D^f ) n • • • n L>(,f ) / 4^ {71, . . . , 7^} IS a Gr-nest. 

5.3. Motives of wonderful compactifications. As in the case of the 
wonderful compactifications Confr(^) analyzed in pTO], one can obtain the 
explicit formula for the motive of the compactifications Z\T] directly from 
the formula for the motive of blow-ups and the iterated construction of 

We first introduce the following notation as in |TU], [27j. Given a ^r-nest 
A/", and a biconnected induced subgraph 7 such that A/"' = A" U {7} is still a 
^r-iiest, we set 

(5.10) = r^^ji/ := dim(nyg_^:yc7^7') ~ dim A^, 

(5.11) Mx := {{fJ,^)A^egr ■ 1 < ^ ''7 " 1' ^7 ^ 



(5.12) M := /^7- 

We write here xn{X) for the motive in the Voevodsky category. This 
corresponds to the notation Mgm of 

The following result is the analog of Proposition 8 of [TU] , see also ^27j for 
the formulation in the case of Chow motives. 

Proposition 5.5. Let X be a smooth projective variety. The Voevodsky 

motive m{Z[T]) of the wonderful compactification is given by 

(5.13) 

m(Z[r]) = m{Z^n m(X^W) x X^r)(||^||)[2||^||] 

where T/6j\f(T) is the quotient T/5j\f{T) := r//(7i U • • • U 7,.) for the Gr-nest 
AA = {7i,...,7j. 

Proof. Let Y ^ Y he the blow-up of a smooth scheme Y along a smooth 
closed subscheme V <ZY . Then m(y) is canonically isomorphic to 

codimY(V) — 1 

m(y)e m(y)(fc)[2fc], 
fc=l 

see Proposition 3.5.3 in [36]. The result then follows by applying this blow- 
up formula for Voevodsky's motives to the iterated blow-up construction 
given in Section [5. 2. 1[ □ 



We obtain then from Proposition 5.5 the following simple corollary (see 
53.2 of Ho]). 
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Corollary 5.6. // the motive of the smooth projective variety X is mixed 

Tate, then the motive of Z[T] is mixed Tate, for all graphs T. Moreover, the 
(z) 

exceptional divisors associated to the biconnected induced subgraphs 

(Z) (Z) 

7 C r and the intersections n ••• n -D^^ associated to the Gr -nests 
{71, . . . , 7^} are also mixed Tate. 

Proof. This is an immediate consequence of the construction of Z\r] since 
the motive of Z[T] depends upon the motive of X only through products, 

Tate twists, sums, and shifts. All these operations preserve the subcategory 

(z) (Z) 

of mixed Tate motives. The reason why the intersections D-^^ n • • • H D!^^ 
are also mixed Tate is because one has an explicit stratification, as described 
in [To] and ^28j , where one has a description of the intersections of diagonals 
in terms of configuration spaces of quotient graphs and by repeated use of 
the blowup formula for motives. □ 

Remark 5.7. One can also see easily that, if the variety X is defined over 

(z) 

Z, then so is Z[r] and so are the Dj and their unions and intersections. 
Moreover, all these varieties then satisfy the unramified criterion of §3.5 and 
Proposition 3.10 of [20]. 



5.4. Feynman amplitude and wonderful compactifications. We now 



(z) 

consider the form ^ defined as in (2.9) and discuss its behavior when 



puled back from Z^^ to the wonderful compactification Z[r]. 



5.4.1. Loci of divergence. For massless scalar Euclidean field theories, the 
pole locus {(jJ^^^ = 00} in Z^^ is 



(5.14) 



n 

eeEr 



"s(e) ' 



This definition can be rephrased as follows. 



Lemma 5.8. The divergent locus of the density of (2.9) in Z^^ is 

given by the union IJeeEr 



5.4.2. Order of singularities in the blowups. Let tt*{uJj. ) denote the pull- 
backs of the form co^^ of ( |2.9[ ) to the iterated blowups of Z^^ along the 

(z) 

(dominant transforms of) the diagonals A-y , for 7 C F a biconnected in- 
duced subgraph. 

Proposition 5.9. Let T be a connected graph. Then for every biconnected 

(Z) ( z) 

induced subgraph 7 C F, the pullback 7r*(a;p ) o/wp to the blowup along 
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the (dominant transform of) /S.\ has singularities of order 

(5.15) 



ordoo(^;(a;r), d\^^) = {D - 2)|E^| - 2D{\Y^\ - 1) + 2 



= 2Dbi{j) - {D + 2)\E^\ + 2 

(z) 

along the exceptional divisors D-^ in the blowup. Here 61(7) denotes the 
first Betti number of graph 7. 

Proof. Let m = D|Vr| and L C A^™ be the coordinate subspace given by 
the equations {xi = • • • = = 0}, and vr : A^"^ — > A^*^ be the blowup 
along L C A^™". If one chooses the coordinates wi in the blow up, such 
that,t(;j = Xi for i = k, . . . , 2m, and WiWp = Xi for i < k. The exceptional 
divisor given hy Wp = in these coordinates. Then, one obtains 

7:*{dxi A dx* A • • • A dxm A dx*^) = \w\'^^''~'^^ dwi A dwl A • • • A dwd A dw}). 

This form has a zero of order 2 • (codim(L) — 1) along the exceptional divisor 
of the blowup. 

The codimension of the diagonal A-^ C X^^ associated to a connected 

(z) 

subgraph 7 C F is D (|V^| — 1). On the other hand, the form Wp has 

(z) 

singularity along A}y of order {D — 2)|E^|. Hence, 

ordoo(vr*(a;p^^). Dip) = (order of 00) — (order of zeros) 

= (L>-2)|E^| -2L»(|V^| -l) + 2. 

□ 

Note that the orders of pole are differ ent from the cas e of the form wr on 



Confr(X), see §4.3 of [lOj. Lemma 5.8 and Proposition 5.9 then imply the 
following. 

(z^ (Z) 
Corollary 5.10. Let TT^{ujf. ) denote the pullback o/wp to the wonderful 

compactification Z[r]. The divergence locus 0/ TTp (wp'^^ ) in Z[r] is given by 
the union of divisors 

(5.16) U 



5.5. Chain of integration and divergence locus. When pulling back 



( z) 

the form (jp along the projection vrp : Z[T] 
chain of integration a^'^^ 



(5.17) 



r 



Z^^ , one also replaces the 
X^r X {y} of ( [2I0I ) with 4^'^^ C Z[r] with 
which gives 



a 



Confr(X) X {y} c Z[r] = Confr(X) x X 



Vr 
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Lemma 5.11. The chain of integration a^'^^ of (5.17) intersects the locus 
of divergence ( 5.16[ ) in 



(5.18) 



\J D^x {y} C Confr(X) x {y}. 



Proof. This follows directly from Corollary 5.10 and (5.17) 



□ 



Notice that, since ^r-factors intersect transversely (see Proposition 2.8 
of [28j and Proposition 4 of |10j), the intersection ( 5.18| ) of the chain of 



integration cjp'^'^^ with the locus of divergence consists of a union of divisors 
inside intersecting transversely, with D^^ n • • • Pi Dy^ whenever 



{71, . . . , 7^} form a t/p-nest (see [TO] and 



5.6. Smooth and algebraic differential forms. Consider the restriction 
of the amplitude it^{lo^^) to the chain a[?'^\ It is defined on the comple- 
ment of the divergence locus, namely on 



(5.19) 4^'^) \ 



U Dyx{y}\^ Confr(X) \ [j 



which is a copy of Confr(X) inside Z[r]. The form 7rp(a;p ) is a closed form 
of top dimension on this domain. 

We recall the following general fact. Let Af be a smooth projective variety 
of dimension m and let P be a union of smooth hypersurfaces intersecting 
transversely (strict normal crossings divisor). Let l/( = X ^D. 

Lemma 5.12. Let uj he a C°° closed differential form of degree m on lA, 
and let [lo] he the corresponding de Rham cohomology class in W^ilA). Then 
there exists an algehraic differential form rj with logarithmic poles along T>, 
that is cohomologous, [q] = [uo] G W^ilA), to the given form u. 

Proof. First we use the fact that de Rham cohomology of a smooth quasi- 
projective variety U = X \ T> can always be computed using algebraic dif- 
ferential forms, [23], |24j . Thus, the cohomology class [uj] in H'^(U) can be 
realized by a form a G H^{l/(,Q"^), with Q,"^ the sheaf of algebraic differ- 
ential forms. Moreover, by §3.2 of [H], the algebraic de Rham cohomology 
H*{U) satisfies 

(5.20) H*{U):^W{X,^),{\og{V))), 

where fl^(log(2?)) denotes the sheaf of meromorphic differential forms on X 
with logarithmic poles along T>. Thus, we can find a form 77 G r2^(log(2?)) 
so that [r?] = M G F'"(^^). □ 



We then have the following consequence. 
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(Z) A 1, 

Lemma 5.13. iei 7rp(a;p ) be the puUback of the Feynman amplitude (2.9) 



to the wonderful compactification Z\T] . Then there exists a meromorphic dif- 
ferential form 7]^\ t/ie algebraic Feynman amplitude, ona^'^^ = Confr(X)x 
{y}, with logarithmic poles along 

Vr= U D^x {y}, 

such that 



Proof. This follows directly from Lemma |5.12| above. □ 



5.7. Iterated Poincare residues. One can associate to the holomorphic 

differential form rjr with logarithmic poles along a Poincare residue on 

(z) 

each non-empty intersection of a collection of divisors D^/ that corresponds 
to a ^r-nest Af = {71, . . . , 7r}. 

Proposition 5.14. For every Q^-nestN = {71, . . . , 7r}, there is a Poincare 
residue TZ_\f{r]r), which defines a cohomology class in H'^^^^^^~^ (Vj^) , on the 

(Z) (Z) (Z) 

complete intersection Vj^ = n • • • n Dj^ . The pairing ofTlj\f{r]r) with 

(z) 

an (2D|Vr| — r)-cycle Tij^ in Vj^ is equal to 

(5.21) / TlMiilr) = TTT^ / r/r, 

where Cj\f{Tij\f) is the 2D|Vr| -ct/c/e in Z[T] given by an iterated Leray cobound- 
ary ofT,j\f, which is a T^' -torus bundle over T,j\f. Under the assumption that 



the variety X is a mixed Tate motive, the integrals (5.21) are periods of 
mixed Tate motives. 



(z) 

Proof. As shown in Proposition 5.4, the divisors D}y in Z[r] have the prop- 
erty that 



(5.22) V}f ^ = D(f ) n • • • n Z^if / 4^ {71 , . . . , 7r} is a gr - nest, 



r{Z) 

Af 

with transverse intersections. 

Consider the first divisor u^^ in the ^r-nest M , and a tubular neighbor- 

iZ\ {Z\ 

hood iVr,7i = Nz[v]{F)\\') of Z)^t in ^r^- This is a unit disk bundle over 

{Z\ (Z) (Z) 

with projection vr : A^r,7i — ^ F)!^i and with a : D-y^ ^ -^r,7i the zero 
section. The Gysin long exact sequence in homology gives 

• • • ^ iffc(iVr,7i \ Dip) ^ Hk{Nr,-y,) 
4 ^fc_2(I?(f ) ^ H,_,{Nr,,, X 4f ) ^ • • • 
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where tt' is the Leray coboundary map, which assigns to a chain S in the 

homology class in A^r,7i \ -D^f ^ of the boundary 97r^^(S) of the disk bundle 
7r~^(S) over S, which is an S'-'^-bundle over S. Its dual is a morphism 

which is the residue map. The iterated residue map is obtained by consid- 

(z) 

ering the complements Uq = Nr^-y^ \ and 

^i = 4f- u <^ 

l<fc<r 

2<k<r 

and so on. One obtains a sequence of maps 

H'^iUo) "h' H'^-Hu,) "h' h''~\U2) ^■■■'h^ //^-'■(yf ^). 

The composition IZj^ = TZ^^ o • • • o TZ^^ is the iterated residue map. Because 
the residue map is dual to Leray coboundary, under the pairing of homology 
and cohomology one obtains 

(7^A^(??),S) = (7?,£Ar(S)), 

where Cf/ = o • • • o is the compositions of the Leray coboundary maps 

(z) 

of the divisors D^,, . The resulting C_^{'E) is therefore, by construction, 
a T'^-torus bundle over S. At the level of differential forms, the residue 
map TZry-^ is given by integration along the circle fibers of the 5^-bundle 
dTT~^{T,) — )• S. Thus, the pairing {Tlj\f{r]),T,) contains a 27rz factor, coming 
from the integration of a form df /f, with / the local defining equation of 
the hypersurface, along the circle fibers. This means that, when writing the 
pairings in terms of differential forms, one obtains (5.21). As shown in [10], 

if xn{X) is mixed Tate, the divisors and their intersections in Confr(X) 

(z) (Z) 
are mixed Tate motives, and so are the and their intersections in 

Z[T]. □ 



Corollary 5.15. Given a Qr-nest {71, . . . ,7^} let Vj\f = D^^ n • • • H D^^ 



be the intersection of the corresponding divisors in Confr(X). The residues 



T^jvi'Hr) of Proposition 5.14 pair with the 2Z)|Vr| — r-dimensional cycles in 

(z) 

VJ^ given by Vsf x {y}, 



(5.23) {nx{vr),Vx) = / TlMivr). 

Proof. The chain of integration a'^'^^ = Confr(^) x {y} intersects the loci 
Vj:f^ = IV X X^r along Vm X x{i/}, where the Vj^ are the intersections 
= -^71 n • • • n D^^ of the divisors D^^ in Confr(X). Thus, S = Vj^ x {y} 
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defines a 2L)|Vr| — r-dimensional cycle in , which can be paired with 

(z) 

the form Tlf/{r]r) of degree 2Z)|Vr| — r on Vj^ . □ 

Remark 5.16. The reason for passing to the wonderful compactification 
Z[T] and pulling back the form uj^^ along the projection vrr : Z[T] — )■ 
is in order to pass to a setting where the locus of divergence is described by 
divisors intersecting transversely in Confr(X), while the intersections of 
the diagonals in can be non-transverse. These transversality issues 
are discussed in more detail in [10] . There is a generalization of the theory 
of forms with logarithmic poles and Poincare residues [30| , that extends the 
case of [13J of normal crossings divisors, but in this more general setting the 
Poincare residue gives meromorphic instead of holomorphic forms. 



6. Regularization and integration 
In this section, we describe a regularization of the Feynman integral 

(6.1) / 

in distributional terms, using the theory of principal value and residue cur- 
rents. This will show that one can express ambiguities in the regularization 

(z) 

in terms of the iterated residues along the intersections of the divisors D)y , 



described in ^5.7 above. 



6.1. Current-regularized Feynman amplitudes. We review briefly some 
well known facts about residue and principal value currents and we apply 
them to the Feynman amplitude regularization. 

6.1.1. Residue currents and Mellin transforms. Recall that, for a single 
smooth hypersurface defined by an equation {/ = 0}, the residue current 
[Zf] , supported on the hypersurface, is defined as 

This is known as the Poincare-Lelong formula. It can also be seen as a limit 

if = iim - — : / — f\ip. 



A generalization is given by the Coleff-Herrera residue current [TJ], asso- 
ciated to a collection of functions {/i, . . . , fr}- Under the assumption that 
these define a complete intersection V = {/i = • • • = /r = 0}, the residue 
current 

(6.2) 7^/ = a[|]A••■A5[|] 

/I Jr 
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is obtained as a limit 



Tlfi'p) = lini / 
5^0 J J 



with Tf,(^g^{f) = {\fk\ = e/fc(<5)}, with the hmit taken over "admissible paths" 
e((5), which satisfy the properties 

lim er{S) = 0, lim , ^^^fL. = 0, 

for k = 1, . . . , r and any positive integer i. The test form (/9 is a (2n — r)- 
form of type (n, n — r), where 2n is the real dimension of the ambient space, 
and the residual current obtained in this way is a (0, r)-current. For more 
details, see §3 of [6] and [35]. Notice that, while in general one cannot take 
products of distributions, the Coleff-Herrera product (6.2) is well defined 
for residue currents, as well as between residue and principal value currents. 
Moreover, the Mellin transform 

(6.3) r^(A)= / X;(6)e^-^de, 



with 



and with 



T,(/) /l---/r 



e^^^ de = e^i"^ • • • e^''^^ dei A • • • A der, 
can also be written, as in [H], [33], as 

(6.4) r-(A)=j^/j/P<-')3fA^. 
where the integration is on the ambient variety X and where 

|^|2(A-/) ^ |^^|2(A,-1) . . . |;^|2(A.-1)^ df = A • • • A d^. 

When {/i, . . . , fr} define a complete intersection, the function Ai • • • Ar-F^ (A) 
is holomorphic in a neighborhood of A = and the value at zero is given by 
the residue current ([6j, [35j) 

(6.5) %((^) = Ai---A,F^(A)|a=o. 
Equivalently, (6.4) and (6.5) can also be written as 

1 f ai/rp^- A--- Aai/ip^i 
h 



.6) lim AF^(A) = lim ^ A v?. 



where the factor A on the left-hand-side stands for Ai • • • Ar as in (6.5). 

The Poincare-Lelong formula, in this more general case of a complete 
intersection defined by a collection {/i,...,/^}, expresses the integration 
current as 

(6.7) [Zf] = 7^9[|] A • • • A d[h AdhA---A dfr- 
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The correspondence between residue currents and the Poincare residues 
on complete intersections, discussed above in |5.7[ is given for instance in 
Theorem 4.1 of 0. 

6.1.2. Principal value current. The principal value current [1/f] of a single 
holomorphic function / can be computed as [25], [32] 



(6.8) ([i],0)=lim^ 



where cp is a test function. More generally, for {/i, . . . ,/,.} as above, the 
principal value current is given by 

(6.9) ([i],0) = lim 



/ ^^0 7Ar,(/) /r • • • /l 

with <f> a test form and with 

(6.10) N,{f) = {\fk\ > et}. 
More generally we will use the following notation. 

Definition 6.1. Given a meromorphic {p,q)-form r] on an m- dimensional 
smooth projective variety X , with poles along an effective divisor D = Di U 
• • ■ Dr, where the components are smooth hypersurfaces defined by equa- 
tions fk = 0, the principal value current PV{r]) is defined by 

(6.11) {PV{r]),(t)) = lim rjA4>, 

^^0 7iV,{/) 



for an (m — p,m — q) test form (j), with N^{f ) defined as in (6.10). 



The following simple Lemma describes the source of ambiguities and its 
relation to residues. 

Lemma 6.2. When the test form cp is modified to (p + dil), the principal 
value current satisfies 

(6.12) {[)]A + B^) = {[^lct>)-{d[^-jU), 



where d[l/f] is the residue current TZf of (6.2). 
Proof. By Stokes theorem, we have 

{[-],d^) = hm / ^ = hm - / ^ = -{d[-],^P). 

J ^^^J\f\>e J "-^^ J\f\=e J J 



□ 



We now return to the case of the Feynman amplitudes and describe the 
corresponding regularization and ambiguities. 



FEYNMAN INTEGRALS AND PERIODS IN CONFIGURATION SPACES 35 

6.1.3. Principal value and Feynman amplitude. We can regularize the Feyn- 
man amplitude given by the integral (6.1), interpreted in the distributional 
sense, as in §2.3.4 using the principal value current. 

Definition 6.3. The principal value regularization of the Feynman ampli- 
tude (6.1) is given by the current PV{r]f, ) defined as in (6.11), 

{PV{r][?'^),ip) = lim / if rj, 

for a test function ip. 

We can also write the regularized integral in the following form. 
Lemma 6.4. The regularized integral satisfies 

{PVi4%^) = hm / \fn\''----\fi\'H'''^ 



where n = nr is the cardinality np = #Gr of the building set Qr and the fk 
are the defining equations of the in Qr 

(Z) (Z) 

Proof. The form r/p ' has poles along the divisor = ^j\(z)^g ■ Thus, 

if we denote by fk, with k = 1, . . . , n with n = #Gr the defining equations 

(z) 

of the D\ we can write the principal value current in the form 

f |/nP""---|/lP"\ 

hm / hip, 

with h an algebraic from without poles and (/? is a test function. □ 



6.1.4. Pseudomeromorphic currents. If {/i, . . . , /„} define a complete inter- 
section V = {/i = • • • = /r = 0} in a smooth projective variety X, an 
elementary pseudomeromorphic current is a current of the form 

(6.13) Cr,n := [^] A • • • A [-^] A d[h A • • • A d[h, 

Jn Jr+1 Jr Jl 

for some 1 < r < n, where the products of principal value and residue 
currents are well defined Coleff-Herrera products and the resulting current 
is commuting in the principal value factors and anticommuting in the residue 
factors. These distributions also have a Mellin transform formulation (see 
M) as 

(0.14, (C.,., ^ ^ I A S (^) A 



6.2. Ambiguities of regularized Feynman integrals. We can use the 

formalism of residue currents recalled above to describe the ambiguities in 
the principal value regularization of Feynman amplitudes of Definition 6.3 
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6.2.1. Feynman amplitude and residue currents. As in ^5.7 consider a Qr- 



(z) — (Z) (Z) 
nest {71, . . . , and the associated intersection = n • • • n -D^^ . 

Also let nr = #Qr and let , for k = 1 , . . . , nr be the defining equations 

(z) 

for the D-y , for 7 ranging over the subgraphs defining the building set Gr ■ 
For e = (efc), we define 

(6.15) ■.= 4^^'^nN,if), 



with Ne{f) defined as in (6.10). The principal value regularization of Defi- 



nition 16.31 can then be written as 

AZ,y). _ / ,_{Z,y) 



where the limit is taken over admissible paths. 

Similarly, given a ^r-nest M = {71, . . . , 7r}, we introduce the notation 

(6.16) := 4^'^) n T^M) n N^M), 

where Tf^,e{f) = {\fk\ = efc, ^ = 1, •••,?■} and Nf/,e{f) = {\fk\ > e, k = 
r + 1 , . . . , n} , where we have ordered the n subgraphs 7 in G^ so that the 
first r belong to the nest M. 

Proposition 6.5. For a Qr-nest N = {71, . . . , 7,-}, as above, the limit 

(6.17) lim / 

determines a pseudomeromorphic current, whose residue part is an iterated 

(Z) (Z) (Z) 

residue supported on ' = D)^^ n • • • n D-y^ . 

Proof. Let fk, with k = 1, . . . ,n with n = i^Gr, be the defining equations 
(z) 

of the D!^ . We assume the subgraphs in Gr are ordered so that the first r 



belong to the given ^p-nest A^. We can then write the current (6.17) in the 



form {Cr^njhf)-, where Cr,n is the elementary pseudomeromorphic current 



of (6.13) and h is algebraic without poles. □ 



6.2.2. Residue currents as ambiguities. With the same setting as in Propo- 
sition |6.5[ we then have the following characterization of the ambiguities of 
the principal value regularization. 

Proposition 6.6. The ambiguities in the current-regularization PV{ri^'^^) 

(z) (z) 

are given by iterated residues supported on the intersections Vj^ = n 
( z) 

• • • n , of divisors corresponding to Gv-nests J\f = {71, . . . , 7^}. 
Proof. As above, we have 

{PV{r^[^^y^),^) = lim / '^^ = lim / l/nP^" • • • l/iP^^ ^ 
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If we replace the form h ip with a form h(p + where is a ^r-nest and 
the notation dj^ip means a form 

for test functions ifjk, k = 1, . . . ,n, we obtain a pseudomeromorphic current 

{PVivi"''^), dMi^) = {[h^...^ [-^] a d[h a • • • a v>, 

In Jr+1 Jr Jl 

with Ip = ipn - • • ipi- Notice then that the residue part 

It Jl 

(Z) (Z) (Z) 

is an iterated residue supported on = n • • • n D.^^ . □ 

By the results of §5.7[ and the relation between residue currents and 

iterated Poincare residues (see [3]), when evaluated on algebraic test forms 

(z) 

on the varieties , these ambiguities can be expressed in terms of periods 
of mixed Tate motives, that is, by the general result of [9j, in terms of 
multiple zeta values. 



7. Other regularization methods 



We now discuss a regularization method for the evaluation of the Feynman 
integral 



(Z,y) 

r 



(z) 

with the pullback 7rp(£A;p ) to Z[r] as in Corollary 
integration a^'^^ 



5.10 and the chain of 



as in (5.17), obtained from the form ujj. and the chain 
2.6 The geometric method of regularization we adopt is 



of Definition 
based on the deformation to the normal cone. 

A general method of regularization consists of deforming the chain of 
integration so that it no longer intersects the locus of divergences. We first 
describe briefly why this cannot be done directly within the space Z\r] 
considered above, and then we introduce a simultaneous deformation of the 
form and of the space where integration happens, so that the integral can 
be regularized according to the general method mentioned above. 

To illustrate where the problem arises, if one tries to deform the chain 
of integration away from the locus of divergence in Z[T], consider the local 



problem near a point z G D\ in the intersection of a\f'^' with one of 
the divisors in the divergence locus of the form 7rp(wr). Near this point, the 
locus of divergence is a product Dj x . We look at the intersection of the 



(z,y) 



integration chain a^'^^ 
We have 



with a small tubular neighborhood of x . 



4^'^M9r, = 97r-i(Z)^)x{y} 
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with TTe : Te{D^) — )• D-y the projection of the 2-disc bundle and dn^ ^{D^) a 
circle bundle, locally isomorphic to Dj x S^. Thus, locally, a^'^^ CiT^ looks 
like a ball ^^DlVrl ^ {q} inside a ball S^'^l'^rl. Locally, we can think of 
the problem of deforming the chain of integration in a neighborhood of the 
divergence locus as the question of deforming a ball iJ^-^l^rl ^ {0} leaving 
fixed the boundary 5'2£'|Vr|-i ^ |q| jngide a ball S^^l^rl gQ a,s to avoid the 
locus {0} X iJ^^I^^I that lies in the divergence locus. However, one can check 
that the spheres 5'20|Vr|-i x {0} and {0} x ^^^iv^l-i are linked inside the 
sphere ^^DlVrl-i^ xhis can be seen, for instance, by computing their Gauss 
linking integral (see [31]) 



(7.1) Lk(M,iV) = -l- / ^h^[x,dx,y,dy] 

Yo\{S) JmxN sm (a) 

with M = X {0}, iV = {0} X 5^ S = 5", and with k = e = 2L>|Vr| - 1 
and n = 4L'|Vr| — 1, where 

/"Tr 

n^^^ia) := / sin'=(0 - a) sm^{9)d9, 
Je=a 

a(x,y) := dists"(x,y), x £ M, y £ N, 

[x, dx, y, dy] := det(x, • • • , w^,y, • • • , -fr) 
osi asfc OTi oti 

with 3;,y the embeddings of and in and s,t the local coordinates 
on and S^. Then one can see (§4 of [31]) that in with n = k + i + 1 
the linking number is Lk{S^ x {0}, {0} x 5^) = 1. 

This type of problem can be easily avoided by introducing a simultaneous 
deformation of the form 7rp(a;r) and of the space Z[r] as we show in the 
following. 

(z) 

7.1. Form regularization. We first regularize the form Wp by embedding 
the configuration space Z^^ as the fiber over zero in a one parameter family 
Z^r X pi and using the additional coordinate G to alter the differential 
form in a suitable way. 

(z) 

Definition 7.1. The regularization of the Feynman amplitude uf. on the 
space X is given by 

(7.2) = H L , |^|2^D-l A ^ "^^^ ^ ^ 
where C, is the local coordinate on . 



Lemma 7.2. The divergent locus {^^^ ~ of the form (7.2) on Z^^ 
is given by the locus UeeEr^e^^ ^ {0}- 
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Proof. The locus of divergence is the intersection of = 0} and the union 
of the products Ae^'' x = {^^(e) ~ ^t{e) =0}- n 



Notice that we have introduced in the form ( |7.2[ ) an additional variable 
of integration, A d^- The reason for shifting the degree of the form will 



become clear later in this section (see ^7.5 below), where we see that, when 



using the deformation to the normal cone, the chain of integration a^'^^ is 
also extended by an additional complex dimension to a 



of which 



one then takes a proper transforms and deforms it inside the deformation 
to the normal cone. In terms of the distributional interpretation of the 



Feynman amplitudes of ^2.3.4, the relation between the form (7.2) and the 



original amplitude l\2.9h can be written as 



(7.3) uj\: 



n 

eeEr 



6iC = 0) 



(lk.(e)-X,(e)P + |C|2)^ 



— dxv A dx-u A dC A dC, 



where the distributional delta constraint can be realized as a limit of normal- 
ized integrations on small tubular neighborhoods of the central fiber C = 
in the trivial fibration x P-*^. 



7.2. Deformation to the normal cone. The deformation to the normal 
cone is the natural algebro-geometric replacement for tubular neighborhoods 
in smooth geometry, see |16j . We use it here to extend the configuration 
space to a trivial fibration x P^ and then replacing the fiber over 
{0} € P^ with the wonderful compactification Z[T]. This will allow us 
to simultaneously regularize the form and the chain of integration. For 
simplicity we illustrate the construction for the case where the graph F is 
itself biconnected. 

Proposition 7.3. Let T be a biconnected graph. Starting with the product 
Z^^ X P^, a sequence of blowups along loci parameterized by the A^f '' x {0}, 
with 7 induced biconnected subgraphs yields a variety D(Z[F]) fibered overF^ 
such that the fiber over all points C, with ^ is still equal to Z^^ , while 
the fiber over C = has a component equal to the wonderful compactification 
Z'[r] and other components given by projectivizations P(C ® 1) with C the 
normal cone of the blowup locus. 

Proof. We start with the product Z^^ x P^. We then perform the first 



blowup of the iterated sequence of §5.2.1 on the fiber over C = namely we 



X 



blowup the locus a[5^ x {0} , with A^?^ the deepest diagonal, inside Z^^ 
F^. (Note that this is where we are using the biconnected hypothesis on F, 
otherwise the first blowup may be along induced biconnected subgraphs with 
a smaller number of vertices.) The blowup Jil^(z) ^^^y{Z^^ x P^) is equal to 

Z^i" X (P^ \ {0}) away from C = 0) while over the point = it has a fiber 
with two components. One of the components is isomorphic to the blowup of 
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Z^^ along a[5\ that is, Bl (z) (Z^^) = y^^ with the notation of \ 



5.2.1 



other component is equal to P(C2Vr(Ap^^) © 1) where C^vp(Ap^ is the 
normal cone of Ap^^ in _ Since Ap^^ ~ X x is smooth, the normal 
cone is the normal bundle of Ap^^ in Z^^ . The two Cartier divisors Y\ and 
P(C2Vr(A[,^^) © 1) meet along P(C^vr (a[.^^)). We can then proceed to 
blow up the further loci A^^^ with 7 € Qn-\,T inside the special fiber 7r~^(0) 

is the projection. These loci lie in the intersection of the two components 
of the special fiber 7r~^(0). Thus, at the next stage we obtain a variety 
that again agrees with x (P-*^ \ {0}) away from the central fiber, while 
over = it now has a component equal to Y2 and further components 
coming from the normal cone after this additional blowup. After iterating 



The 



this process as in ^5.2.1 we obtain a variety that has fiber Z^'^ over all 
points C 7^ s-iid over C = it has a component equal to the wonderful 
compactification Z[r] and other components coming from normal cones. □ 



Notice that one can also realize the iterated blowup of ^5.2.1 as a single 



blowup over a more complicated locus and perform the deformation to the 



normal cone for that single blowup. We proceed as in Proposition 7.3, as it 
will be easier in this way to follow the effect that this deformation has on 
the motive. 

The main reason for introducing the deformation to the normal cone, 



as we discuss more in detail in \ 7.5 below, is the fact that it will provide 



us with a natural mechanism for deforming the chain of integration away 
from the locus of divergences. The key idea is depicted in Figure [T| where 
one considers a variety X and the deformation Blj;x{o}('^ x P^). If vr : 
Bl3;x{o}('^ X P"*^) —7- P"*^ denotes the projection, the special fiber 7r~^(0) has 
two components, one given by the blowup Bl;);(Af) of X along y and the 
other is the normal cone ^{Cx^) © 1) of 3^ inside X . The two components 
meet along P(C;f (3^)). As shown in §2.6 of one can use the deformation 
to the normal cone to deform y to the zero section of the normal cone. Thus, 
given a subvariety Z <zy the proper transform 2^ x P^ in Blj;x|o|(A' x P-"^) 
gives a copy of Z inside the special fiber 7r^^(0) lying in the normal cone 
component, see Figure [TJ 

7.3. Deformation and the motive. We check that pass ing f rom the space 



Z^^ to the deformation P(Z[r]) described in Proposition 7.3 does not alter 
the nature of the motive. 

It is easy to see that this is the case at the level of virtual motives, that 
is, classes in the Grothendieck ring of varieties. 
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Figure 1. Deformation to the normal cone. 



Proposition 7.4. // the class [X] in the Grothendieck ring of varieties 
Koiy) is a virtual mixed Tate motive, that is, it lies in the subring Z[L] 
generated by the Lefschetz motive L = [A^], then the class of'D{Z[T]) is also 
in Z[L1. 



Proof. As shown in Proposition 7.3, the space P(Z[r]) is a fibration over 
P^, which is a trivial fibration over \ {0} with fiber Z^^. By inclusion- 
exclusion, we can write the class [I?(Z[r])] in Ko(V) as a sum of the class 
of the fibration over \ {0}, which is 

[Z^r X (pl \ {0})] = [X]2Vr L 

and the class [tt'^O)] of the fiber over C = 0, with vr : V{Z[r]) P^ 
the fibration. The component [XJ^^^l ig in Z[L] if the class [X] G Z[L] 
as we are assuming, so we need to check that the class [7r~^(0)] is also in 
Z[L]. The locus 7r~-'^(0) is constructed in a sequence of steps as shown in 



Proposition 7.3, At the first step, we are dealing with the deformation to the 
normal cone Bl (z) (Z^r X pi) and the fiber over zero is the union of Yi and 



z^r 



a[.^^) e 1), intersecting along P(C^Vr (A}f ^)). Since Af ~ X x 

X^^ is smooth and a Tate motive, ¥{0^^^ (Ap^^) © 1) is a projective bundle 

(z) 

over a Tate motive so it is itself a Tate motive. So is P(C^vr (Ap )), for the 
same reason. So is also Yi because of the blowup formula for Grothendieck 
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classes [7j, 

codim(A[,-^'x{0})-l 
k=l 

By the inclusion-exclusion relations in the Grothendieck ring, it then follows 
that if the two components of the fiber over zero are in Z[L] and the class 
of their intersection also is, then so is also the class of the union, which is 
the class of the fiber itself. At the next step the fiber over zero is blown up 
again, this time along the (dominant transforms of) with 7 G Qn-i^r- 
Each of these is a blowup of a variety whose class is a virtual mixed Tate 
motive along a locus whose class is also a virtual mixed Tate motive, hence 
repeated application of the blowup formula in the Grothendieck ring and 
an argument analogous to the one used in the first step shows that the 
Grothendieck class of the fiber over zero is also in Z[L]. □ 

We can then, with a similar technique, improve the result from the level 
of Grothendieck classes to the level of motives. 

Proposition 7.5. If the motive m{X) of the variety X is mixed Tate, then 
the motive m.(T>(Z[T]) of the deformation I?(Z[r]) is also mixed Tate. 

Proof. As in the case of the Grothendieck classes, it suffices to check that, 
at each step in the construction of 2?(Z[r]), the result remains inside the 
category of mixed Tate motives. It is clear that, if xn{X) is mixed Tate, 
then m{Z), m{Z^^) and m(Z^r x P^) also are. At the next step, we use 
the blowup formula for Voevodsky motives (Proposition 3.5.3 of [36]) and 
we obtain 

codim(A[,^'x{0})-l 

m(zVr X pi ) ) e m( a[,^) ) ( /fc) [2fc] . 

k=l 

This implies that m(Bl . (z) ,^JZ^^ x P^)) is mixed Tate if m{X) is. The 



(Z) 

successive steps are again obtained by blowing up loci whose motive 

(z) 

m{A}y ) is mixed Tate, inside a variety whose motive is mixed Tate by the 
previous step, hence repeated application of the blowup formula for motives 
yields the result. □ 



The analog of Remark 5.7 also holds for the motive m(P(Z[r]). 



(z) 

7.4. Form regularization on the deformation. Let Wp be the regu- 



larized form defined in (7.2). In order to allow room for a regularization of 
the chain of integration, we pull it back to the deformation to the normal 
cone described above. 
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(Z) 

Definition 7.6. The regularization of the form on the deformation 

space 'D{Z[r]) is the puUback 

(7.4) v^k4^)), 

where vfr : '^(■^[r]) — ?• x is the projection and cJ^^ is the regulariza- 
tion of ff^. 



The locus of divergence {■7rp((Z;p ) = co} inside the deformation space 
2?(Z[r]) is then given by the following. 

Lemma 7.7. The locus of divergence of the regularized Feynman amplitude 
-S-p ((Zip"^^ ) on the space 2?(Z[r]) is a union of divisors inside the central fiber, 

(7.5) U Z)f)cvr-i(O), 

where vr : P(Z[r]) — )• is the projection of the fihration. 

Proof. When pulling back the regularized form (Dp'^^ from x to 

(z^ (z) 
V{Z[r]), the poles of cjp along the diagonals x {0} yield (as in Propo- 
ne I I I (Z) 
sition 5.9 and Corollary 5.10|) poles along the divisors Dy , contained in the 



central fiber tt-^{0) at C = of V{Z[T]). □ 



7.5. Deformation of the chain of integration. We now describe a regu- 
larization of the chain of integration, based on the deformation to the normal 
cone. 

Proposition 7.8. The proper transform of the chain a^'^^ x P^ inside 
T>(Z\r]) gives a deformation of the chain of integration, which does not 

intersect the locus of divergences of the form tt^{uj^^). 

Proof Consider the chain 4^'^^ = X^^ x {y} of (|2.10D, inside Z^^ . Extend 



it to a chain cr[5'^^ x P^ inside Z^^ x P^. Let a^'^^ x P^ denote the proper 
transform in the blowup 2?(Z[r]). Then, as illustrated in Figure [l| we 
obtain a deformation of a^'^^ inside the normal cone component of the 
special fiber 7r~^(0) in I?(Z[r]) that is separated from the intersection with 
the component given by the blowup Z[T]. □ 



7.6. Regularized integral. Using the deformation of the chain of integra- 
tion and of the form, one can regularize the Feynman integral by 

(7.6) / ^*f(#^), 
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where Sp^'^^ denotes the (2Vr + 2)-chain on 2?(Z[r]) obtained as in Proposi- 



tion 7.8 As in ( 7.3 ), one also has a corresponding integral on the intersection 



of the deformed chain S^^'^^ with the central fiber, which we can write as 



(z,y) 



7.6.1. Behavior at infinity. The regularization (7.6) described above avoids 
divergences along the divisors D\ ' in Z[T]. It remains to check the behavior 
at infinity, both in the P^-direction added in the deformation construction, 
and along the locus Poo in ^(-^[r]) defined, in the intersection of each fiber 
TT-^iC) with the chain of integration e|5'^\ by Ar,oo := X^'^ \ A^^r, 



Proposition 7.9. The integral (7.6) is convergent at infinity when D > 2. 



Proof. For the behavior of (7.6) when ^ — )• c« in P , we see that the form 
behaves like r~'^^~^'^ rdr, where r = \(^\. This gives a convergent integral 
for 2D — 3 > 1. For the behavior at Ap^oo consider first the case where a 
single radial coordinate = — t- oo. In polar coordinates, we then have 
a radial integral r^ ^"^^ 2)Er,i, ^D~i^^^ where Er,,; = {e E Er | v E 5(e)} 
is the valence v{v) of the vertex v. This gives a convergent integral when 
{2D - 2)v{v) - D + 1 > 1. Since v{v) > 1 and 21) - 2 > 0, we have 
{2D — 2)Er,t, — D + 1 > D — 1, so the condition is satisfied whenever D > 2. 
More generally, one can have several r^, — )• oo. The strongest constraint 
comes from the case that behaves like r~(^-^~^) '^(^V^l^^l-i^ jj^ ^j-^jg c^se 
the convergence condition is given by {2D — 2)vr — 2?|Vr| > 0, where vr = 
SiieVr '^(^)- Again we have vr > |Vr|, and we obtain 

{2D - 2)vr - D\Vt\ >{D- 2)|Vr| > 0, 

whenever D > 2. In this case the condition for convergence at |C| — )• oo is 
also satisfied. □ 
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